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Single and product moments;
Recurrence relations and
characterizationAbstract In this paper we derive explicit algebraic expressions and some recurrence relations for
both single and product moments of dual generalized order statistics from a family of J-shaped dis-
tribution. These relations generalize the results given by Zghoul (2010, 2011). Further, a character-
ization of this distribution through conditional expectation of dual generalized order statistics is
given and some computational works are also carried out.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is
an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The concept of lower generalized order statistics was intro-
duced by Pawlas and Szynal (2001). Later Burkschat et al.
(2003) extensively studied and discussed it as a dual general-
ized order statistics ðdgosÞ to enable a common approach to
descending ordered random variables like reversed order
statistics, lower k records and lower Pfeifer records. In this
paper we will consider the dgos deﬁned as follows:
Let, n 2 N, kP 1, m 2 R be the parameters such that
cr ¼ kþ ðn rÞðmþ 1ÞP 1; for all 1 6 r 6 n:
The random variables, Xð1; n;m; kÞ;Xð2; n;m; kÞ; . . . ;
Xðn; n;m; kÞ are n dgos from an absolutely continuousdistribution function ðdfÞ FðxÞ with probability density func-










on the cone F1ð1Þ > x1 P x2 P . . .P xn > F1ð0Þ.
In view of (1.1), the marginal pdf of rth, dgos, Xðr; n;m; kÞ,





and the joint pdf of Xðr; n;m; kÞ and, Xðs; n;m; kÞ,
1 6 r < s 6 n is
fXðr;n;m;kÞ;Xðs;n;m;kÞðx; yÞ ¼
Cs1
ðr 1Þ!ðs r 1Þ!
 ½FðxÞmfðxÞgr1m ðFðxÞÞ½hmðFðyÞÞ
 hmðFðxÞÞsr1½FðyÞcs1 fðyÞ; y < x;
ð1:3Þ








 logx; m ¼ 1

and
gmðxÞ ¼ hmðxÞ  hmð1Þ; x 2 ½0; 1Þ:
If m ¼ 0, k ¼ 1 then Xðr; n;m; kÞ reduces to the ðn rþ 1Þth
order statistic, Xnrþ1:n from the sample X1;X2; . . . ;Xn and
when, m ¼ 1 then Xðr; n;m; kÞ reduces to the rth lower k
record value. We shall also take Xð0; n;m; kÞ ¼ 0.
Several authors utilized the concept of dgos in their work.
References may be made to Pawlas and Szynal (2001),
Ahsanullah (2004, 2005), Mbah and Ahsanullah (2007), Khan
et al. (2010), Khan and Kumar (2010, 2011) among others.
In the present study, we have established explicit expres-
sions and some recurrence relations for single and product
moments of dgos from a family of J-shaped distribution.
These relations generalize the results given by Zghoul (2010,
2011). Further, a characterizing result of this distribution
through conditional expectation of dgos is stated and proved.
A random variable X is said to have J-shaped distribution,











; 0 6 x 6 b 0 < a < 1:
ð1:4Þ
We will consider in this paper without loss of any generality
b ¼ 1, i.e.
fðxÞ ¼ 2að1 xÞ½xð2 xÞa1; 0 6 x 6 1 0 < a < 1 ð1:5Þ
and the corresponding df
FðxÞ ¼ ½xð2 xÞa; 0 6 x 6 1 0 < a < 1: ð1:6Þ
It is easy to see that
xð2 xÞfðxÞ ¼ 2að1 xÞFðxÞ: ð1:7Þ
More details on this distribution see, for example, Topp and
Leone (1955), Nadarajah and Kotz (2003) and Zghoul (2010,
2011).
2. Single moments and relations
Theorem 2.1. For J-shaped distribution as given in (1.6) and,
1 6 r 6 n, k ¼ 1; 2; . . .



















; m ¼ 1 ð2:2Þ
where






ðjþ pþ uÞ for pP 2:Proof. From (1.2), we have




x j½FðxÞcr1 fðxÞgr1m ðFðxÞÞdx: ð2:3Þ
















Making the substitution tmþ1 ¼ z in (2.4), we get












For any real number q and, jxj < 1 we have Gradshteyn and
Ryzhik (2007, p-25)













































ðqþ pþ uÞ for pP 2:






















where Bða; bÞ is the beta function.
Applying the well known relation between the beta and
gamma functions in (2.8), we have the result given in (2.1).
Now taking m tends to 1 in (2.1), we have the result given
in (2.2). h
Table 1 First four moments of order statistics from J-shaped
distribution.
n r j= 1 j= 2
a= 0.1 a= 0.4 a= 0.7 a= 0.1 a= 0.4 a= 0.7
Dual generalized order statistics 2872.1. Special cases
i. Putting m ¼ 0 and k ¼ 1 in (2.1), the exact expression for
the single moments of order statistics of the J-shaped
distribution can be obtained as1 1 0.0564 0.1824 0.2691 0.0219 0.0791 0.1265
2 1 0.0083 0.0723 0.1407 0.0015 0.0176 0.0412
2 0.1044 0.2925 0.3975 0.0422 0.1406 0.2118
3 1 0.0018 0.0375 0.0907 0.0001 0.0058 0.0187







a þ n rþ 1
	 





3 0.1460 0.3678 0.4760 0.0613 0.1902 0.27464 1 0.0005 0.0225 0.0650 0.0182 0.0024 0.0101
2 0.0058 0.0826 0.1678 0.0006 0.0161 0.0444
3 0.0368 0.2010 0.3134 0.0078 0.0663 0.1278
4 0.1824 0.4234 0.5302 0.0791 0.2315 0.3235










C jþpa þ nþ 1
	 

as obtained by Zghoul (2010).2 0.0018 0.0534 0.1263 0.0001 0.0074 0.0262
3 0.0116 0.1264 0.2300 0.0013 0.0295 0.0718
4 0.0537 0.2507 0.3691 0.0121 0.0912 0.1651
5 0.2146 0.4666 0.5704 0.0958 0.2666 0.3631
n r j= 3 j= 4ii. Putting k ¼ 1 in (2.2), we deduce the explicit expression
for the single moment of lower record for J-shaped
distribution in the form
E½ðZð1Þr Þ




a= 0.1 a= 0.4 a= 0.7 a= 0.1 a= 0.4 a= 0.7p¼0 jþ pþ a1 1 0.0119 0.0447 0.0738 0.0075 0.0288 0.0485
2 1 0.0005 0.0065 0.0165 0.0002 0.0029 0.0079
2 0.0233 0.0829 0.1311 0.0148 0.0547 0.0890
3 1 0.0248 0.0015 0.0056 0.0075 0.0005 0.0021
2 0.0014 0.0165 0.0383 0.0006 0.0079 0.0196
3 0.0342 0.1161 0.1775 0.0219 0.0781 0.1237
4 1 0.0094 0.0005 0.0024 0.0076 0.0001 0.0007which verify the result of Zghoul (2011) for r ¼ nþ 1.
A recurrence relation for single moments of dgos from df
(1.6) is obtained in the following theorem.
Theorem 2.2. For the distribution as given in (1.6) and,
1 6 r 6 n, k ¼ 1; 2; . . .2 0.0001 0.0047 0.0153 0.0285 0.0017 0.0062
3 0.0027 0.0282 0.0614 0.0012 0.0140 0.0329
4 0.0447 0.1453 0.2162 0.0288 0.0994 0.1539
5 1 0.0045 0.0002 0.0012 0.0027 0.0244 0.0003
2 0.0114 0.0016 0.0073 0.0096 0.0005 0.0024
3 0.0003 0.0092 0.0273 0.0672 0.0036 0.0119
4 0.0043 0.0409 0.0841 0.0019 0.0210 0.0471
5 0.0548 0.1714 0.2493 0.0355 0.1190 0.18071þ jþ1
2acr
 
E½Xjþ1ðr; n;m; kÞ ¼ E½Xjþ1ðr 1; n;m; kÞ
þðjþ 1Þ 1acr þ 1j
 
E½Xjðr; n;m; kÞ  jþ1
j
E½Xjðr 1; n;m; kÞ:
ð2:9Þ
Proof. From Eqs. (1.2) and (1.7), we have












Integrating above equation by parts and simplifying the
resulting expression, we derive the relation given in (2.9). h
Remark 2.1. Putting m ¼ 0 and k ¼ 1 in (2.9), the recurrence
relation for the single moments of order statistics of the





þðjþ 1Þ 1aðnrþ1Þ þ 1j
 
EðXjnrþ1:nÞ  jþ1j EðXjnrþ2:nÞ:
Replacing ðn rþ 1Þ by, ðr 1Þ we get
EðXjþ1r:n Þ ¼ 1þ jþ12aðr1Þ
 
EðXjþ1r1:nÞ
ðjþ 1Þ 1aðr1Þ þ 1j
 
EðXjr1:nÞ þ jþ1j EðXjr:nÞ
which verify the result of Zghoul (2010) for r ¼ rþ 1.Remark 2.2. Setting m ¼ 1 and kP 1 in (2.9), the relation



























as obtained by Zghoul (2011).
In the Table 1, it may be noted that the well known
property of order statistics,
Pn
i¼1EðXi:nÞ ¼ nEðXÞ (David and
Nagaraja (2003)) is satisﬁed.3. Product moments and relations
Theorem 3.1. For the distribution as given in (1.6) and,
1 6 r < s 6 n, k ¼ 1; 2; . . .






























iþ jþ pþ qþ ak
 r
; m ¼ 1 ð3:2Þ
where, Dðj; pÞ;Dði; qÞ are as deﬁned in Theorem 2.1.
Proof. From (1.3), we have







 hmðFðxÞÞsr1½FðyÞcs1 fðyÞdydx: ð3:3Þ
On expanding ½hmðFðyÞÞ  hmðFðxÞÞsr1 binomially in (3.3),
we get




































a þ cs þ aðmþ 1Þ
	 
 ½FðxÞjþpa þcsþaðmþ1Þ:
On substituting the above expression of IðxÞ in (3.4), we ﬁnd
that




xi½FðxÞjþpa þcsþmþðsr1Þðmþ1ÞfðxÞgr1m ðFðxÞÞdx; ð3:7Þ
where











a þ cs þ aðmþ 1Þ




in (3.7), we obtain










Making the substitution z ¼ vmþ1 in (3.8) and then using
(2.7) in resulting expression, we get













aðmþ1Þ þ csmþ1þ a
 
 iþ jþ pþ q
aðmþ 1Þ þ
cs
mþ 1þ ðs rÞ; r
 
: ð3:9Þ
We have Gradshteyn and Ryzhik (2007, p-6) for real






Bðaþ k; cÞ ¼ Bðk; cþ bÞ; ð3:10Þ
where Bða; bÞ is the beta function.
On using (3.10) in (3.9) and then applying the well known
relation between the beta and gamma functions, we get the
result given in (3.1).
Now taking m tends to 1 in (3.1), we have the result in
(3.2). h3.1. Special cases
i. Setting m= 0 and k= 1 in (3.1), the explicit expression
for the product moments of order statistics of the J-











a þ n sþ 1
	 

Cðjþpa þ n rþ 1Þ
 Cð
iþjþpþq
a þ n rþ 1Þ












a þ ðn sþ 1Þ þ a
B
iþ jþ pþ q
a
þ ðn rþ 1Þ; r
 











a þ rþ a
B
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as obtained by Zghoul (2010).ii. Putting k= 1 in (3.2), we deduce the explicit expression
for the product moments of lower record values for
J-shaped distribution in the form
E½XiLðrÞXjLðsÞ ¼
X1 X1




iþ jþ pþ qþ a
 r
:
Theorem 3.2. For the given J-shaped distribution and for,
























y jð2 yÞ½hmðFðyÞÞ  hmðFðxÞÞsr1½FðyÞcs1 fðyÞdy:
ð3:13Þ
Making use of relation in (1.7) and splitting the integral
according with form, we have





yt½hmðFðyÞÞ  hmðFðxÞÞsr1½FðyÞcs dy: ð3:15Þ
Integrating by parts treating yt for integration and the rest of









ytþ1½hmðFðyÞÞ  hmðFðxÞÞsr1½FðyÞcs1 fðyÞdy:
Upon substituting for GjðxÞ and Gj1ðxÞ in Eq. (3.14) and
then substituting the resulting expression for GðxÞ in (3.12)
and simplifying, we derive the relations in (3.11). h
Remark 3.1. At j ¼ 0 in (3.1), we have















iþ pþ qþ acv
 
;where
Dð0; pÞ ¼ 1 for;p ¼ 0 and Dð0; pÞ ¼ 0 for p > 0:
Therefore,









which is the relation for exact moment of single moment as
given in (2.1).
Remark 3.2. At i ¼ 0 in (3.11), the recurrence relations for
product moments reduces to relations for single moments as
obtained in (2.9).
Remark 3.3. Putting m ¼ 0 and k ¼ 1 in (3.11), we obtain the
recurrence relation for the product moments of order statistics


























Remark 3.4. Setting m ¼ 1 and kP 1 in Theorem 3.2, the
relation for product moments of lower k record values is




































Let, Xðr; n;m; kÞ ¼ 1; 2; . . . ; n be dgos from a continuous dis-
tribution with df FðxÞ and, pdf fðxÞ then the conditional pdf of
Xðs; n;m; kÞ given, Xðr; n;m; kÞ ¼ x, 1 6 r < s 6 n is
290 R.U. Khan, M.A. KhanfXðs;n;m;kÞjXðr;n;m;kÞðyjxÞ ¼
Cs1
















y< x; m¼1 ð4:2Þ
Theorem 4.1. Let X be a non-negative random variable having
an absolutely continuous df FðxÞ with Fð0Þ ¼ 0 and
0 6 FðxÞ 6 1 for all, x > 0 then







; l ¼ r; rþ 1; m– 1 ð4:3Þ





l ¼ r; rþ 1; m ¼ 1 ð4:4Þ
if and only if
FðxÞ ¼ ½xð2 xÞa; 0 6 x 6 1; 0 < a < 1; ð4:5Þ
where
nðyÞ ¼ ½yð2 yÞa:
Proof. When, m– 1 we have from (4.1) for, s > rþ 1
E½nXðs; n;m; kÞjXðr; n;m; kÞ ¼ x













By setting u ¼ FðyÞ
FðxÞ ¼ yð2yÞxð2xÞ
 a








Again by setting, t ¼ umþ1 in (4.7), we get
E½nfXðs; n;m; kÞgjXðr; n;m; kÞ ¼ x
¼ Cs1½xð2 xÞ
a






and hence the necessary part given in (4.3).
To prove sufﬁcient part, we have from (4.1) and (4.3)
Cs1




½yð2 yÞa½ðFðxÞÞmþ1  ðFðyÞÞmþ1sr1½FðyÞcs1fðyÞdy
¼ gsjrðxÞ½FðxÞcrþ1 ; ð4:8Þwhere







Differentiating (4.8) both the sides with respect to, x we get
Cs1½FðxÞmfðxÞ




½yð2 yÞa½ðFðxÞÞmþ1  ðFðyÞÞmþ1sr2½FðyÞcs1fðyÞdy
¼ g0sjrðxÞ½FðxÞcrþ1 þ crþ1gsjrðxÞ½FðxÞcrþ11fðxÞ
or
crþ1gsjrþ1ðxÞ½FðxÞcrþ2þmfðxÞ









FðxÞ ¼ ½xð2 xÞa; 0 6 x 6 1; 0 < a < 1:
For the case when, m ¼ 1 from (4.2) by using the transfor-











We have Gradshteyn and Ryzhik (2007, p-551)Z 1
0
ð ln xÞl1xt1dx ¼ Cl
tl
; l > 0 t > 0: ð4:10Þ
On using (4.10) in (4.9), we have the result given in (4.4).
Sufﬁciency part can be proved on the lines of case
m–  1. hAcknowledgements
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